Here we introduce and study the concept of relative superfluous injectivity, which is a generalization of relative injectivity. We show some of the properties that hold true for relative injectivity still hold for relative superfluous injectivity. We also introduce and characterize the new concept of superfluous extending modules. Finally, we make use of relative superfluous injectivity to study direct sums of superfluous extending modules. (2010): 16D50, 16D70, 16D80 keywords: Superfluous injective module, large submodule, superfluous extending module 1. Introduction Throughout all modules are unital right R-modules over an arbitrary associative ring R with unity. The generalization of relative injectivity for module was studied by many authors, and this has been by adding extra condition on the homomorphism in the defining diagram (cf. E. Mermut, C. Santa-Clara and P. F. Smith [6], H. Q. Dinh [3] and M. F. Yousif and Y. Zhou [8] ). Here we introduce the concept of N being M -superfluous-injective, which is a generalization of N being M -injective for modules (Definition 2.3). We define in Definition 2.10, Definition 2.11 what is meant by Con-S-complement and Con-S-closed submodule of a module. In Theorem 2.16 we give an equivalent condition of the diagram in Definition 2.3 by a property on a decomposition form, in fact we prove that
(1) Every Z-module N is a Z-superfluous-injective module.
(2) If M is a semisimple R-module, then every R-module N is M -superfluousinjective module. The examples, which are given above, show that there are many M -superfluousinjective, which are not M -injective modules.
Proposition 2.6. Let N and M be R-modules. Then the following are equivalent:
(1) N is M -superfluous-injective.
(2) N is M 1 -superfluous-injective, for each submodule M 1 of M . (1) N is M -superfluous-injective.
(2) L is M -superfluous-injective, for each direct summand L of N .
(3) N is M -superfluous-injective, for each isomorphic copy N of N .
(4) N is M -superfluous-injective, for each isomorphic copy M of M . 
for all l ∈ L. Thus gf extends ϕ.
By the similar way we can prove that (4) ⇒ (1). Remark 2.12. Let M be a module, we have the following:
(1) Every maximal large extension of a Con-S-submodule of a module M is
(2) Let N be a Con-S-submodule, and K be a submodule of a module M ; with N ∩ K = 0. Then N is a Con-S-complement of K if and only if N is 
Since K M 1 , K ≤ N ≤ X M 1 and M 1 has (S * ), then K X and since homomorphic images of superfluous submodules are superfluous, then ϕ(K) M 2 and so, ϕ(K) M . As finite sums of superfluous submodules are superfluous, thus
Then ψ extends ϕ : X → N . Thus X = π 1 (D) by maximality of ϕ, and hence
. Then the following are equivalent:
for some submodule C containing N .
As N is a Con-S-submodule of M ; i.e. N contains a non-zero submodule K superfluous in M , it follows that π 1 (K) is superfluous in M 1 , where π 1 : M → M 1 is the projection onto M 1 . Hence by (1), there exists a homomorphism ϕ :
Hence, for all n ∈ N , we have n = π 1 (n) + π 2 (n) = π 1 (n) 
Superfluous extending modules
In this section we study simultaneously the dual concepts of superfluousness and largeness on modules, namely the condition that each Con-S-submodule of a module M is large in a direct summand of M . Such modules will be called S-extending modules. (1) M is S-extending.
(2) Every S-closed submodule of M is a direct summand. (2) A more general than the example in (1) , is that the Z-module M = C(p n )⊕ Z, for a prime number p, n ∈ Z + is S-extending (due to any Con-S-closed submodule A of M must contain C(p n ), and hence either A = C(p n ), or A = M ), while M is not extending, for the same reason as in the example in (1).
In the following we show that the S-extending condition on a module is inherited by a direct summand.
Since A ∩ B M , then C = M . Therefore A ∩ (B + S) M . (1) B is A-superfluous-injective, and A is S-extending.
we have that (C ⊕ B) (1) M i is M j -superfluous-injective (i = j = 1, 2), and M i is S-extending (i = 1, 2).
(2) If C is a Con-S-closed submodule of M , with C ∩ M i = 0 (i = 1 or 2), then
Proof. The proof follows from Lemma 4.2. (1) Direct sums of two S-extending modules need not, in general, be S-extending modules; for the Z-module C(p) ⊕ C(p 3 ), for a prime number p, is not Sextending (due to C(p) not a C(p 3 )-superfluous-injective).
(2) The Z-module C(p n ) ⊕ Z, where n ∈ Z + and p is a prime number, is an Sextending Z-module (due to C(p n ) and Z relatively superfluous-injective), which is not extending as we have mentioned and given the reason before. Then the following are equivalent:
(1) M is an S-extending module.
(2) Every Con-S-closed submodule C of M , with C ∩ M i = 0, for some i = 1 or 2, is a direct summand of M .
Proof. (1) ⇒ (2): It is clear.
(2) ⇒ (1): It is clear that each Con-S-closed submodule C in M i is a Con-S- Thus, by (2), C is a direct summand of M , and therefore C is a direct summand of M .
